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A graphics-processing-units-accelerated indirect trajectory optimization methodology that uses the multiple
shooting method and continuation is developed using the CUDA platform. The algorithm is designed to exploit the
parallelism inherent in the indirect shooting method while maximizing computational efficiency. The resulting rapid
optimal control framework enables the construction of high quality optimal trajectories that satisfy constraints and
the necessary conditions of optimality. The performance of the framework is highlighted by construction of maximum
terminal velocity trajectories for a hypothetical long-range weapon system. Various hypothetical mission scenarios
that enforce different combinations of initial, terminal, interior point, and path constraints that demonstrate the rapid
construction of complex trajectories are used to compare performance of the graphics-processing-units-accelerated
solver to MATLAB®’s bvp4c. Trajectory problems of this kind were previously considered impractical to solve using
indirect methods. The graphics-processing-units-accelerated solver is found to be two to four times faster than
MATLAB®’s bvp4c for a small-dimensional system, even while running on graphics processing units hardware that
is five years behind the state of the art.
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reference area, m2
coefficient of drag
coefficient of lift
scale height, m
altitude, m
lift-to-drag ratio
mass, kg
dynamic pressure, kg∕m2
radius of the earth, m
nose radius, m
velocity, m∕s
angle of attack, rad
ballistic coefficient
flight-path angle, rad
latitude, rad
standard gravitational parameter, m3 ∕s2
atmospheric density at sea-level, kg∕m3
bank angle, rad
longitude, rad
state transition matrix
azimuth, rad
sidereal rate of Earth, rad∕s

I.

Introduction

T

RAJECTORY optimization problems can be solved using a
wide variety of techniques [1]. Since the dawn of modern
computing, research by the trajectory design community has focused
on direct optimization methods [2–6]. The pseudospectral method
and other collocation methods are commonly used direct methods. A
historical collocation method involves discretizing the trajectory into

Presented as Paper 2016-0275 at the AIAA Atmospheric Flight Mechanics
Conference, San Diego, CA, 4–8 January 2016; received 8 September 2016;
revision received 12 March 2017; accepted for publication 8 April 2017;
published online 19 June 2017. Copyright © 2017 by Thomas Antony and
Michael J. Grant. Published by the American Institute of Aeronautics and
Astronautics, Inc., with permission. All requests for copying and permission
to reprint should be submitted to CCC at www.copyright.com; employ the
ISSN 0022-4650 (print) or 1533-6794 (online) to initiate your request. See
also AIAA Rights and Permissions www.aiaa.org/randp.
*Graduate Research Assistant, School of Aeronautics and Astronautics;
tantony@purdue.edu. Student Member AIAA.
†
Assistant Professor, School of Aeronautics and Astronautics; mjgrant@
purdue.edu. Senior Member AIAA.

a number of nodes and optimizing the trajectory assuming a cubic
interpolation between the nodes [6]. Current state-of-the-art
optimization software such as GPOPS [7] and DIDO [8] use
pseudospectral methods that implement a more efficient quadrature
scheme such as Legendre–Guass–Lobatto [3] with the assumption
that the trajectory can be approximated as a polynomial. Both of these
methods require a nonlinear programming (NLP) solver such as
SNOPT [9] and are very computationally intensive for large
optimization problems [10] even with the exploitation of sparse
Jacobian structures.
One factor that these approaches rarely consider is the computing
platform on which they are implemented. While Moore’s Law [11]
has remained relevant decades after it was originally described,
resulting in the packing of more and more transistors into smaller
semiconductor devices, the clock rate at which computer processors
operate has essentially peaked [12]. Computing hardware is now
transitioning toward highly parallel architectures rather than
powerful monolithic processors [13,14].
Graphics processing units (GPUs) were originally designed to be
used as dedicated processors for rendering three-dimensional
graphics on computers. Efforts to exploit the GPUs for generalpurpose computing applications have been underway since the early
2000s [15,16]. One of the earliest demonstrations of GPU computing
was a matrix–matrix multiplication algorithm [17]. The availability
of floating point operations on GPU hardware has allowed the
implementation of more advanced computational methods on the
GPU [18–20]. Over the last decade, the computing power of GPUs
has grown exponentially [21,22] as compared to CPUs as shown in
Figs. 1 and 2. The modern GPU is a highly capable parallel processor
with peak arithmetic and memory bandwidth that substantially
outpaces its CPU counterparts [23].
NVIDIA’s CUDA is a framework that allows the use of graphics
processing units as highly parallel general-purpose computing
processors. CUDA transforms the graphics processing unit into a
powerful parallel processor with thousands of cores. GPUs are now
used for accelerating scientific computation in a wide range of fields
[24–31].
Direct methods for trajectory optimization, specifically pseudospectral and collocation methods, convert the trajectory optimization
problem into a nonlinear programming problem that involves many
sequential, iterative operations instead of large, independent parallel
operations. Some of the attempts to implement NLP algorithms on
GPUs have noted speedups of two to three times the speed of their
CPU counterparts for applications in machine learning [32] and radio
interferometry [33]. Another recent implementation is that of the
L-BFGS-B nonlinear optimization algorithm [34] on a GPU, which
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Fig. 1
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CPU vs GPU performance trends by year — Theoretical giga floating point operations per second.

Fig. 3 Speedup of L-BFGS-B algorithm on GPU for the elastic-plastic
torsion problem [34].
Fig. 2 CPU vs GPU performance trends by year — Theoretical memory
bandwidth in GB∕s.

shows significant speedups, but for only extremely large
optimization problems, with dimensions numbering in the millions.
Fei et al. [34] evaluated the performance of their L-BFGS-B GPU
algorithm using the elastic-plastic torsion problem and presented the
timing comparisons. As shown in Fig. 3, the GPU does not start
showing any benefits in speed for that algorithm until the NLP
problem size reaches approximately 6400 states. Even with a
problem with 40,000 states, the speedup can be observed to be only
around five times faster.
Direct methods generally guarantee a solution at the expense of
computational speed [1]. Most direct pseudospectral solvers use
third-party NLP solvers such as SNOPT that have not yet been
redesigned to exploit GPUs. As shown in the example in Fig. 3, there
may be ways in which parts of an NLP solver, such as the evaluation
of constraints or the Jacobian, can exploit the GPU, while the
iterations themselves may remain sequential in nature. The NLP
problems resulting from the application of pseudospectral methods to
trajectory problems usually have dimensions in the high hundreds or
low thousands, which, at least in the previous example, does not seem
to be enough to leverage the GPU. Even if certain direct methods such

as direct shooting can probably leverage GPUs, at the time of writing,
there are no GPU-enabled implementations of direct methods that
can be used as a benchmark. This makes it difficult to make a fair
comparison between a direct method and a GPU-enabled indirect
method such as the one described in this work. Therefore, the goal of
this study is not a comparison between direct and indirect methods
but rather to show that indirect methods have features that make them
capable of exploiting these emerging computational architectures to
obtain faster performance. MATLAB®’s bvp4c [35] was selected as
the CPU solver as its performance is a known quantity and because it
is easy to setup. The bvp4c solver has also been optimized by
Mathworks over the past decade, and any CPU-based solver that we
implement from scratch may be suboptimal in comparison.
Indirect methods use calculus of variations to formulate the
optimization problem as a boundary value problem (BVP) [36]. The
BVPs can be solved using a suitable numerical solver, and the
multiple shooting method is a popular and fast solver [37,38]. As
discussed in the upcoming sections, the multiple shooting method
has many features that make it suitable for implementation on a
highly parallel computing architecture such as the GPU.
While the use of indirect methods for real-world problems is still
an open challenge, prior work has shown that the historical
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challenges associated with indirect optimization methods can be
overcome for certain problems, enabling the rapid construction of
high-quality solutions [39]. Some of the known issues such as
handling path constraints can be solved to a certain extent using
regularization [40]. Other issues such as the use of bang–bang control
is being addressed by ongoing work [41]. The goal of this study is to
demonstrate that indirect multiple shooting, when it can be applied, is
a good candidate for effectively leveraging the GPU for these
problems. It can be shown that, even for a problem with small
dimensionality (e.g., an augmented state vector of size 6–24 in a
typical hypersonic optimization problem), the multiple shooting
method can be efficiently executed even while running on GPU
hardware that is five years behind the state of the art. As we show in
Sec. III.D, our solver is able to get a speedup of two to four times over
the CPU-based bvp4c for a low-dimensional problem. This
benchmark was performed as validation to show that our
implementation is indeed effectively using the GPUs rather than as
a comparison showing which is the faster solver. By exploiting
GPUs, the upper limit on problem size is probably much higher than
that for CPU-based methods, especially since the computational
power of GPUs is growing exponentially [22].
Gradient-based algorithms such as the shooting methods depend
on the availability of accurate sensitivity information to converge
toward the solution. The calculation of the sensitivity information is
the most computationally intensive part of the process. This part of
the algorithm can be accelerated using an NVIDIA GPU to obtain
considerable speedups over a conventional CPU. The computational
effort required for computing sensitivity information needed for
gradient-based optimization algorithms increases exponentially with
problem complexity. Given a dynamic system of N equations, the
computation of first-order sensitivities has a computational
complexity of ON 2  [42]. Computing the sensitivity information
for multiple segments of the trajectory (as is the case in multiple
shooting) further increases the amount of computation to be
performed. Existing CPU architectures are unable to exploit the
massive parallelism inherent in this problem.
Previous work has shown that it is possible to use the GPU to
accelerate the computation of sensitivity information for the dynamic
system [42]. Following that work, many GPU-specific optimizations
in this investigation were devised to make the multiple shooting
algorithm much faster. The algorithm and data structures used were
designed in such a way as to obtain maximum performance from the
GPU. This GPU-based sensitivity algorithm was also designed to be
used as part of a larger automated optimization framework. The
framework computes the necessary conditions of optimality
transparently to the end user and uses the multiple shooting method
to solve the resulting boundary value problem.
A. Overview of NVIDIA Fermi Architecture

The general layout of an Intel CPU and that of an NVIDIA Fermi
[43] GPU are shown in Figs. 4 and 5, respectively. In the Intel
Nehalem architecture [44] CPU shown in Fig. 4, there are four
processing cores and a large cache memory block. In the Fermi GPU

Fig. 4

Intel Core i7 Nehalem architecture [44].
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Fig. 5 NVIDIA Fermi architecture [43] (DRAM, dynamic random
access memory).

(Fig. 5), each of the long vertical green rectangles represents a
streaming multiprocessor (SM) that contains up to 32 individual
processing cores or streaming processors for a total of up to 512
processing cores per GPU (Fig. 6). The newer Kepler [45] and
Maxwell [46] architectures support up to 2880 cores per GPU.
The reason for the discrepancy in performance between CPUs and
GPUs is that the GPU is specialized for compute-intensive, highly
parallel operations. On the other hand, CPUs were designed with
more transistors dedicated to data caching and flow control, rather
than data processing. Hence, a GPU is especially suited to problems
that can be expressed as data-parallel computations [21], with a high
ratio of arithmetic operations to memory operations.
B. Overview of NVIDIA Compute Unified Device Architecture
Framework

The CUDA is a parallel computing framework and architecture
developed by NVIDIA for enabling general-purpose computing on
their GPUs. CUDA implements extensions to several industrystandard programming languages including C, C++, and Fortran and
comes with an extensive library of commonly used parallel
programming constructs. CUDA programs have been able to give
speedups of 5–500 times faster than their CPU counterparts in many
applications ranging from molecular simulation [27] to modeling of
aircraft traffic [28]. Structuring the problem and the data in the right
manner is key to obtaining maximum performance in GPU computing.
The parallel functionality in CUDA is implemented in units called
kernels. When a kernel is invoked, it is copied onto the thousands of
cores on the GPU and executed simultaneously. Typically, the
thousands of threads that are spawned perform the same set of
operations on different sets of data. This is called the Single
Instruction Multiple Data (SIMD) paradigm. Algorithms that are able
to follow the SIMD paradigm as much as possible are able to obtain
maximum performance from GPU computing. It is to be noted that
the concept of a thread on a GPU is different from what it means on a
CPU. Generating and scheduling threads in CUDA is much faster
than doing the same on a CPU, but each individual processor on a
GPU will not be as powerful as a CPU core.
When a kernel is invoked, a large number of threads is launched,
collectively called a grid. The grid is divided into thread blocks, and
each thread block consists of the individual threads. Each thread
block is scheduled to execute on a single SM in which all of its threads
are executed in batches. The manner in which CUDA schedules and
executes the individual threads plays an important role in structuring
the problem for maximum performance. This is examined in detail
in Sec. II.
NVCC, the NVIDIA C Compiler, compiles the CUDA C code into
a binary format that can be interpreted by the GPU. The code is
separated into host and device codes, with the former running on the
CPU and the latter running on the GPU. The two parts of the code are
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Fig. 6
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Fermi SM [43] (LD/ST, load/store units).

compiled separately and then combined. In CUDA, there can be no
GPU device code that runs by itself. There is always some host code
that launches the kernels and then collects the results for
postprocessing. NVCC can also generate device code that can be
loaded by CUDA at run time. This is very useful in cases in which
problem-specific information (such as the dynamic equations) has to
be changed at run time.
C. GPU-Accelerated Solver Implementation

The GPU-accelerated optimal control solver implements a
MATLAB® interface. The host code that controls the overall process

Fig. 7

/

and launches the GPU kernel is precompiled into a MATLAB® mex
library. The solver uses Mathematica [47] to derive the necessary
conditions of optimality and then generates and compiles the CUDA
C code transparently to the designer. This produces a standalone
device code in a binary format that can be loaded at run time by
CUDA. This process is to be executed only once per problem. Once
the CUDA binaries are available, changing problem parameters does
not require recompilation. Figure 7 outlines this process.
It is to be noted that Mathematica is used only for performing
symbolic manipulations, such as taking derivatives, solving the
control law equation, etc. It is found to be more robust than
MATLAB®’s Symbolic Toolbox at solving nonlinear systems of

Flowchart of GPU accelerator implementation (ODE, ordinary differential equations; IC, initial conditions).
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equations to derive the control law. The equations thus derived are
then used to create the MATLAB® and CUDA code files for the
problems. Mathematica is not being used for any numerical
computation.
The dynamic equations of the system are propagated on the CPU
using the compiled MATLAB® code, and only the sensitivity
information is propagated on the GPU. It is done in this manner
because the number of dynamic equations (usually around 6–24 for
reentry problems) does not constitute a big enough problem to justify
the overheads of using the GPU. Benchmarks show that a hybrid
method in which the states are propagated on the CPU and the
sensitivities on the GPU give the best performance with current
hardware. The solver is tested on an NVIDIA Tesla M2090 GPU
(Fermi architecture) with an Intel Xeon E5-2670 2.60 GHz
processor CPU.
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II.

GPU Shooting Optimizations

At the most basic level, computing the sensitivity matrix or the
state transition matrix (STM) involves propagating N 2 extra
differential equations for a dynamic system of N equations. The naive
way of porting this over to a GPU would involve assigning each
equation (from both the original system of equations as well as the
STM) to a separate thread on the GPU and launching a kernel to solve
the problem. Although this is very simple to implement, it is also very
inefficient. In fact, benchmarking showed that this made the process
twice as slow as performing the same operation on a CPU. To
optimize the code for maximum performance on the GPU, it is
necessary to understand how the threads are scheduled and executed
by CUDA.
A. GPU Occupancy and Thread Divergence

Modern GPUs have a large quantity of device memory on the order
of gigabytes. However, accessing this memory is typically slower
than memory access by a CPU. CUDA’s thread scheduling process is
key to overcoming this problem. At the hardware level, the threads
from a kernel are executed in groups called warps, each with 32–128
threads depending on architecture. When the threads in a warp
request data from memory and are waiting for them, the whole warp is
replaced with a new one for execution on the SM. This way, as long as
there are enough threads to schedule on the processor, CUDA can
very efficiently hide the latency of memory access. However, this is
also the main caveat in GPU computing: the problem has to be large
enough and have enough parallel units running simultaneously to
hide the memory latency.
All the threads in a single thread block will always be executed on
the same SM. This allows the threads to communicate with each
other, if required, using high-speed shared memory. Every thread in a
warp must execute the same code in order for them to be executed in
parallel. If this is not the case, the threads will incur a penalty by
executing in a serial manner. This is called the thread divergence
penalty.
Both the memory latency and thread divergence penalties can be
addressed by splitting the trajectory into smaller segments. This is
possible because of a unique feature of the STM, which makes it
possible to compute its value for the entire trajectory by
independently computing the STMs for segments of the trajectory
and combining them. If Φ1 , Φ2 , : : : , ΦP are the STMs of the
individual trajectory segments, the STM for the whole trajectory Φ
can be computed as shown in Eq. (1):
Φ  ΦP ⋅ ΦP−1 ⋅ ΦP−2 ⋅ ΦP−3 ⋅ : : : ⋅ Φ2 ⋅ Φ1

(1)

Since the GPU used in our tests supports launching up to 512
threads per thread block, the trajectory is split into a maximum of 512
segments, each integrating a fixed number of fourth-order Runge–
Kutta (RK4) time steps. The work is assigned such that every thread
in a thread block processes the same element of the STM for different
segments of the trajectory. This way, the algorithm follows the SIMD
paradigm, since every thread in one thread block will integrate the
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same equations for different trajectory segments. Thus, the thread
divergence penalty can be avoided.
It is possible to maximize the occupancy of the GPU cores by
scheduling the most number of threads possible. This in turn speeds
up the algorithm by having enough threads scheduled to hide the
memory access latency. If the trajectory is set up to use 512 RK4
time steps (which is sufficient for a typical hypersonic trajectory
problem) and then split into 512 segments, each thread propagates a
different time step of the STM propagation in parallel, making it
much faster than propagating the 512 time steps sequentially on a
CPU. The particular test cases we run for this study only need 512
time steps to obtain reasonable results. For more sensitive problems,
using more steps may be required. A better approach for
hypersensitive problems might be to use adaptive RKF45
integration within each segment.
GPU occupancy is further magnified when the multiple shooting
method is used. In this case, the trajectory is separated into multiple
arcs, with the possibility of some of them following different dynamic
paths (e.g., in the case of constrained arcs). In such a situation, each
trajectory arc can be assigned to a different set of thread blocks, with
each individual arc again being split into smaller segments, enabling
the parallel computation of the sensitivity information for multiple
trajectory arcs.
The propagation of the dynamic equations of the trajectory is still
performed on the CPU since the segmented approach is not possible
for propagation of those equations. The CPU-based propagation uses
the same number of time steps as the GPU propagator. The data from
the CPU-propagated trajectory including the intermediate RK4
stages are preprocessed into the segmented form that is required for
the propagation of the STM on the GPU.
Modern GPUs can have in excess of 3800 CUDA cores [48].
Splitting the trajectory into this many segments might make sense
when solving hypersensitive problems that will allow maximum
GPU occupancy while using small time steps. However, on such
high-end GPUs, there is probably an upper limit beyond which
floating point errors (due to small time steps) cause diminishing
returns. GPUs with more cores would be more useful for larger
problems with more states and costates even if the number of
segments remains relatively low.
B. Memory Access Coalescing

GPU device memory is accessed in chunks of 32-, 64-, or 128-byte
data blocks called memory transactions. When a warp executes an
instruction that accesses device memory, it coalesces the memory
accesses of the threads within the warp into one or more transactions.
Depending on the distribution of the memory addresses accessed by
the threads, it may have to issue more memory transaction requests to
access the same amount of data. To optimize this, the data stored on
the GPU memory should be stored such that adjacent threads in a
thread block access consecutive memory addresses when reading or
writing to memory. This allows memory to be fetched using a
minimum number of transactions, resulting in a higher data
throughput.
In the case of the optimal control solver, this is implemented by
storing the STM data in a particular manner. STMs for all the
different segments of the trajectory are combined into one large data
structure, as shown in Fig. 8. The diagram represents the storage of
the elements of the STM for a trajectory with P segments and N
dynamic equations. Φk represents element i; j of the STM for
trajectory segment k. i;jThe data are stored in column-major format.
Each thread block propagates the same element of the STM for all
the trajectory segments. For example, the first column of the data
structure stores element Φ for all the trajectory segments, followed
1;1
by the element Φ , and so
on. The first thread block propagates the
2;1
equations for element Φ for all the segments and accesses the
1;1
contiguous memory block
from Φ1 to Φp . Thus, each thread block
1;1
1;1 for different segments of
propagates the same dynamic equations
the trajectory, and every thread in the block accesses memory
elements adjacent to each other, thereby achieving memory access
coalescing.
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Fig. 8 Combined STM data structure in GPU memory.

C. Parallel Matrix Reduction

One of the main advantages of using CUDA as opposed to other
GPU programming technologies is the availability of built-in GPUoptimized libraries for performing common operations in scientific
computing. The NVIDIA CUDA Basic Linear Algebra Subroutines
(CUBLAS) library is a GPU-accelerated version of the standard
Basic Linear Algebra Subroutines library that offers GPU-optimized
versions of many common linear algebra and matrix operations.
CUBLAS was originally designed for operations on large
matrices and was optimized for such operations. In older versions,
it was possible to use CUDA streams to launch multiple kernels that

run concurrently to perform operations on a large number of
smaller matrices. However, starting with CUDA Toolkit 5.0,
CUBLAS offers a batched matrix multiplication application
program interface (API) that is meant for efficient multiplication of
a large number of smaller matrices on the GPU.
Since the computation of STMs from a segmented trajectory
involves a long chain of matrix multiplication operations shown in
Eq. (1), the new batched matrix multiplication API is found to be
useful for making the process even faster. To do this, the process in
Eq. (1) is transformed into a series of parallel steps called matrix
reduction, an example of which is shown in Eq. (2):
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Φ  Φ512 ⋅ Φ511  ⋅ Φ510 ⋅ Φ509  ⋅ : : : ⋅ Φ4 ⋅ Φ3  ⋅ Φ2 ⋅ Φ1  >
>
>
>
>
>
>
 Φ512⋅511 ⋅ Φ510⋅509  ⋅ : : : ⋅ Φ4⋅3 ⋅ Φ2⋅1 
>
>
=
 Φ512⋅511⋅510⋅509 ⋅ : : : ⋅ Φ4⋅3⋅2⋅1
log2 512  9 steps(2)
>
>
..
>
>
>
.
>
>
>
>
;
 Φ512⋅511⋅ : : : ⋅2⋅1

The number of trajectory segments is chosen to be a power of 2 so
that the matrix reduction process results in two matrices at the end,
which are multiplied to give the complete STM. Each of the bracketed
operations in Eq. (2) is performed independently of each other in
parallel. If there are P segments in the trajectory, the complete STM can
be obtained in log2 P steps of parallel matrix reduction as against P
separate sequential matrix multiplications when using serial processing.
To summarize, the following GPU-specific optimizations are used
to help the algorithm exploit the GPU architecture:
1) Split the trajectory into a number of segments (ideally a power of
2 close to the number of CUDA cores) to maximize GPU occupancy.
2) Structure the problem such that all the threads in a
multiprocessor are integrating the same equation for different
segments, thereby avoiding the issue of thread divergence.
3) Combine the state transition matrices for different trajectory
segments into one large matrix, structured to allow memory access
coalescing.
4) Parallel matrix reduction for computing the final STM by
multiplying all the STMs from the individual trajectory segments.

III.

A high-performance hypersonic vehicle model with a mass of 340 kg
and peak L∕D of around 2.5 is selected. The optimal control problem
is formally stated in Eqs. (3–11):
(3)

r_  V sinγ

(4)

V cosγ cosψ
θ_ 
r cosϕ

(5)

V cosγ sinψ
ϕ_ 
r

(6)

Subject to:

Test Scenarios and Benchmarks

Trajectory optimization of a hypothetical unpowered long range
weapon is used to demonstrate the benefits of the GPU-accelerated
optimal control solver. In this, a hypothetical U.S. warship is located
near the Gulf of Oman. A hypothetical high-value target is located
within a mountain range inside Afghanistan. The long-range weapon
must be delivered with maximum velocity to the target. The vehicle is
assumed to be released at a specified staging condition with a certain
altitude, latitude, longitude, and velocity. A terminal position is
specified in terms of altitude, latitude, and longitude. These common
postboost staging/impact conditions are specified in Table 1.
A vehicle-centric polar coordinate system and three-degrees-offreedom dynamic model [49] are used to develop the equations of
motion for the problem as shown in Eqs. (4–9). Angle of attack α and
bank angle σ are used as the control variables in the optimization
problem. A spherical Earth gravity model with an exponential
atmosphere is assumed with the parameters shown in Table 2.

Min J  −Vtf 2

qC A
μ sinγ
V_  − D ref −
m
r2
2
 ω r cosϕsinγ cosϕ − cosγ sinϕ sinψ

(7)

qCL Aref cosσ μ cosγ V cosγ
−
 2ω cosϕ cosψ

mV
r
Vr2
 ω2 r cosϕcosγ cosϕ  sinγ sinϕ sinψ
(8)

γ_ 

ψ_ 

qCL Aref sinσ V cosγ cosψ tanϕ
−
mV cosγ
r

 2ωtanγ cosϕ sinψ − sinϕ −

ω2 r sinϕ cosϕ cosψ
V cosγ
(9)

Table 1 Postboost staging and
impact conditions
State
Staging Impact
Altitude h, m
80,000 4570
Velocity V, m∕s
6000
free
Flight-path angle γ, deg
free
−60
Latitude θ, rad
23.14
33.66
Longitude ϕ, rad
64.07
67.63

where
q  1∕2ρV 2
ρ  ρ0 exp−r − RE ∕H

CL  CL1 α  CL0
CD  CD2 α2  CD1 α  CD0

Table 2

Environment parameters

Parameter
μ, m3 ∕s2
RE , m
ρ0 , kg∕m3
H, m
ω, rad∕s

Value
3.986 × 1014
6.3781 × 106
1.2
7500 m
7.29211585 × 10−5

(10)

(11)

The hypersonic trajectory optimization problem defined
previously is used to construct a number of hypothetical mission
scenarios to demonstrate the application of the GPU-accelerated
indirect solver for generating high-quality optimal trajectories.
Different combinations of path constraints (such as heat rate) and/or
interior point constraints (e.g., country overflight constraints) are
enforced along the trajectory depending on the scenario being
analyzed. These conditions represent fictitious but relevant mission

8
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scenarios. Several such mission scenarios are analyzed, and the
performance of the GPU solver is benchmarked against
MATLAB®’s bvp4c solver. One such mission scenario that involves
a combination of initial and terminal point constraints, interior point
constraints, and path constraints is described in this section.
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A. Construction of Initial Guess

To seed the continuation process, it is necessary to supply it with a
relatively simple optimization problem as an initial guess. Since the
objective is to maximize the velocity at impact, a simple trajectory
that can be solved is one that flies nearly straight down from the
assumed postboost staging condition. The optimal trajectory for
reaching a target almost directly underneath the staging location, with
maximum velocity, would be a near-ballistic trajectory that
minimizes the drag coefficient of the vehicle. Hence, the Allen and
Eggers [50] trajectory solution for ballistic trajectories can be used to
construct a high-quality initial guess to this optimization problem.
Assuming that drag forces dominate and a nearly constant flight-path
angle for the steep trajectory, the closed-form expression for velocity
as a function of altitude can be obtained as shown in Eq. (12), where
V 0 is the postboost initial velocity of the weapon. The latitude and
longitude can be reasonably assumed to be linearly varying, and the
assumption of a constant flight-path angle of –80 deg prevents
singularities in the equations of motion:
V  V 0 expCe
where C 

−h∕H



ρ0 H
; H is the atmospheric scale height
2βsinγ

β is the ballistic coefficient; and γ is the flight path angle

(12)

The costates for this initial trajectory can be constructed by reverse
integration from the terminal point. From optimal control theory, the
costate corresponding to velocity can be computed using Eq. (13)
when maximizing the velocity at the terminal point. The costates for
flight-path angle, latitude, longitude, and azimuth are chosen to be
zero. The costate for altitude can be computed by equating the
expression for the Hamiltonian at the terminal point to zero and
solving for the costate:
λv;f  −2vf

(13)

B. Continuation Process

This initial guess trajectory, being very close to the optimum,
rapidly converges to a solution. Starting with this solution, the
targeted location is moved until it matches the desired terminal
conditions as shown in Fig. 9. At the end of this process, a maximum
terminal velocity trajectory connecting the postboost staging location
and the targeted impact location is obtained.
C. Simultaneous Constraints Scenario

This example showcases a trajectory optimization problem with a
combination of multiple constraints that results in a very complex
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optimal trajectory. In this hypothetical example, the weapon is
initially directed at a hypothetical target in Pakistan as shown in
Fig. 10a. However, the weapon is redesignated to a different target
during the boost phase, essentially constraining the postboost
geometry to that required for the original target. A maximum velocity
trajectory for the new target is constructed, simultaneously satisfying
constraints in initial heading and velocity, stagnation heat rate,
contested airspace avoidance zones, and impact flight-path angle.
The final optimized trajectory and its control history are shown in
Figs. 10a and 10b and are constructed in 75 s using the GPU solver.
The final S trajectory requires sufficient control authority at two
specific points along the trajectory in order to perform the
corresponding turns. These dives and the subsequent lofts can be seen
in Fig. 10b. The two dives are timed precisely to have enough lift to
perform the maneuvers while still maximizing the velocity at the
target. The presence of path constraints and interior point constraints
creates corner conditions in costates at the junction points between
the arcs, which have to be solved simultaneously along with the
boundary values. The indirect method solves for the complex control
histories (Fig. 10b) and corner conditions (Fig. 10c) with high
precision. Even in such a complex and highly constrained trajectory,
the necessary conditions of optimality are fully satisfied, resulting in
a high-quality solution.
D. Benchmarks

The test scenario described previously incorporates initial and
terminal boundary conditions, a waypoint constraint, and a path
constraint (on the stagnation point heat rate). Four other examples in
which each of these constraints are applied individually are also
analyzed, and the performance is benchmarked. All of the scenarios
are solved using both MATLAB®’s bvp4c solver as well as the GPUbased multiple shooting solver (bvpgpu) built by the authors. As
discussed in Sec. II, the multiple shooting method has many features
that lends itself to being suitable for implementation on the GPU. The
nature of the sensitivity matrix used in the multiple shooting method
allows the splitting of the trajectory into smaller segments, which can
then be computed independently of each other. This is one of the
major advantages of this method over bvp4c. The bvp4c solver uses a
collocation method to solve the boundary value problem. It is a purely
CPU-based algorithm that does not use any kind of parallel
processing. It is to be noted that, while bvp4c uses collocation
(a method used by many direct solvers), in this case, it is being used to
solve a boundary value problem resulting from an indirect method
rather than for direct optimization. As mentioned in the Introduction,
the goal of this benchmark is to show that our GPU implementation is
effective in using the GPU rather than to show that it is better than
direct methods.
The run times for solving the different test scenarios using the two
solvers are compared in Fig. 11. The first two examples in the
benchmark contain only initial and terminal boundary conditions and
have no in-flight constraints. The third and fourth test cases introduce
a stagnation point heat rate constraint and a waypoint constraint into
the trajectory, respectively. It can been seen that at present the GPUaccelerated shooting solver offers a speedup of two to four times
faster than MATLAB®’s bvp4c in the given scenarios. It is to be

Fig. 9 Side view of initial part of continuation process.
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Fig. 10 Simultaneous constraints example (FPA, flight path angle).

noted that this speedup is obtained for a problem with a relatively low
dimensionality of 12 (states and costates). The goal of these
benchmarks is to show that it is possible to design a multiple shooting
algorithm in such a way as to exploit these emerging highly parallel

architectures. If there were a hypothetical direct solver that uses the
NLP algorithm similar to the one in [34], the dimensionality of the
problem would probably have to grow significantly before it shows a
speedup similar to what we achieve here. However, since there are no
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Fig. 11 Benchmarks: bvp4c vs bvpgpu.

direct solvers that use this (or other) GPU-enabled algorithms, there is
no way to make an actual one-to-one comparison.

IV.

Conclusions

In this study, a highly parallelized indirect optimization strategy
for the rapid design of optimal trajectories is developed. The multiple
shooting method is used to develop a custom algorithm that executes
very efficiently on a highly parallel GPU computational architecture.
It is demonstrated that indirect optimization methods can be used to
rapidly solve complex optimization problems by using the GPUaccelerated multiple shooting method. The various algorithmic
optimizations that help maximize GPU performance by accounting
for GPU processor occupancy, memory access coalescing, and
parallel matrix operations are examined. It is seen that the data
structures used to store information as well as the manner in which the
problem is structured are crucial to obtaining optimum performance
on a GPU. The performance of the solver is compared against
MATLAB®’s bvp4c to validate that it is in fact effectively using the
GPU. The speedup obtained was for a relatively small problem, and
GPU performance benefits are expected to improve as the problem
gets bigger.
The design of maximum terminal velocity trajectories using a
hypothetical long-range weapon system is used to showcase the
different kinds of trajectory problems that can be solved using this
methodology. Various combinations of initial, terminal, interior
point, and path constraints are enforced on the trajectory to
demonstrate the design of complex hypersonic trajectories. The
examples demonstrated that the GPU-accelerated solver is capable of
rapidly constructing high-quality, optimal hypersonic trajectories
using indirect methods that were previously considered impractical.
The current trend in high-performance computing technology is
toward more parallel architectures, such as multicore processors and
GPUs, rather than monolithic, powerful processors. The work
illustrated here demonstrates that indirect methods have characteristics that make them very well suited for implementation on these
emerging computational architectures, enabling rapid, automated
construction of high-quality optimal trajectories.
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